The Unruh Effect Revisited 
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A new and exact derivation of the Bogoliubov coefficients is obtained for the simplest case of a 
spinless, neutral, massive field in a uniformly accelerated frame with a constant acceleration. The 
method can be suitably generalized in a straightforward manner to any field with spin and charges. 
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The so called Unruh effect [T| has been discovered long 
ago and since its very appearance a really large num- 
ber of investigations has been developed to the aim of 
applying and generalizing its deep and seminal content 
to a wide range of physical contexts, such as e.g. black 
holes, dark matter and dark energy, cosmological hori- 
zons, acoustic black holes et cetera. A very nice and 
recent review paper on this subject actually provides 
a pretty good taste of the impressive growth of interest 
on this subject during the last few years, including the 
possible occurrence [3J] of its experimental observation. 
From the field theoretical point of view, the Unruh effect 
is encoded in the Bogoliubov coefficients that relate the 
complete and orthonormal sets of the wave functions, as 
experienced by two observers moving respectively in an 
inertial reference frame and in a noninertial accelerated 
one. Curiously enough, as reported in 0, the evaluation 
of the Bogoliubov coefficients in the case of a constant 
relative acceleration has never been done directly from 
the very definition but arguing indirectly, sometimes in 
an admittedly tricky manner [4;] . 

It is the aim of the present note to fill that lack, i.e., 
we will perform a straightforward exact calculation of the 
Bogoliubov coefficient from field theoretic first principles. 
To start with, we briefly review the canonical quantiza- 
tion of a spinless and chargeless field in a Rindler's co- 
ordinate system, i.e., as experienced by some uniformly 
accelerated noninertial observer. In so doing we shall es- 
tablish our notations and conventions. Consider the four 
dimensional Minkowski spacetime with the line element 
1 

ds 2 = 7? a/3 dX a dX@ = ff/w (x) dx^dx" 

where the constant metric tensor r\ a ji — diag (+,—,—,—) 
is relative to an inertial coordinate system in Minkowski 
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spacetime and labelled by the so called anholomic indices 
denoted with the greek letters from the first part of the 
alphabeth, while the Einstein convention on the sum over 
repeated indices is understood. We employ natural units 
h = c = 1 unless explicitly stated. If we set 



X' 



(r,X,y,z) 



(t,x,y, z) 



(1) 



then we shall denote the following spacelike region of the 
Minkowski spacetime 



2n fl = {X» G K 4 | X > , r 2 < X 2 } 



(2) 



as the right Rindler wedge. Here we introduce the so 
called Rindler curvilinear coordinate system, which de- 
scribes an accelerated observer: namely, 



t = x sinh(ai) 
X = x cosh(ai) 



(a>0, £eK) (3) 
(i>0) (4) 



where a is the constant acceleration. The above coordi- 
nate transformations can be readily inverted, viz., 



t = &- 1 Arth(r/X)a; = \/X 2 - r 2 
in such a manner that we can also write 
ds 2 = g MV (x) dx^dx" = x 2 a 2 dt 2 - dx 2 - 
whence we obtain 



(x>0) (5) 
dz 2 (6) 



dy 



[x) = 



1 1 

a, x 
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so that 



g = dct g M „ ( x) = [ dct g ^ (x) ' 



2^2 



a x 



(7) 



(8) 



Notice that, by changing both signes in the definitions 
([3]) and (j4]), we shall cover the other spacelike region of 
the Minkowski spacetime, i.e. the left Rindler wedge 



2U L = {X^ G M 4 | X < , t 2 < X 2 } 



(9) 
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Moreover we have the Christoffel symbols 

r£„(aO = h9 K \x) {d„9u K {x) + d„ 9flK {x) - d K g^(x)} 

so that there are only two nonvanishing components of 
the affine connection: namely, 

r °i(x) = y°°(x)^goo(x) = \ = r 1 ° (x) (10) 



vUx) = \-^\x) = ^x 



(ii) 



This entails the coordinate invariant Klein-Gordon sec- 
ond order differential operator 

g^{x) D^d v + m 2 = g 00 {x) (8 2 - & 2 xd x ) - A + m 2 



1 a? - - • d x - dl - d 2 y - 8 2 + m 2 



x 2 a 2 * x 



(12) 



where A is the Laplace operator, that leads to the invari- 
ant Klein- Gordon equation for a spinless field 



{g^(x)D^d u +m 2 }<j ) (x)=Q 



(13) 



The invariant scalar product between two solutions of the 
covariant Klein- Gordon field equation is defined by 0] 

(fa, fa) =j> ^(x)id x fa(x)dE x (14) 

where E is a 3-dimensional spacelike hypersurface while 

d£ A = \ e^dx^dxudxp (- g)~ 1/2 (15) 
= g £ X ^ p g m (x) g v p (x) g pa (x) dx a dx dx CT (- g)- 1/2 

is the invariant oriented hypersurface element with 
£ oi23 _ i _ Thus, for the initial time 3-dimensional hy- 
persurface in the right Rindler wedge 2Ur we get 



dS u 



ax 



dxd 2 x x dE'=0 (t= 1,2,3016) 



where 9(x) is the Heaviside step distribution. A complete 
and orthonormal set of stationary solutions for the Klein- 
Gordon equation in the right Rindler wedge is provided 
by the generalization of the so called Fulling modes [H, 0] 



U E>k (t,X,Xj 



sinh ( — I K iE/& (nx) 



27r 2 i l /& y \ a 
x exp{ —iEt + ik ■ x^} 



(17) 



where K 1/ (x) is the modified Bessel function. One can fix 
the normalization constant by the natural requirement 

(«js',k',UB,k) = 6(E-E')S(k--k') (18) 

Notice that the orthonormalization relation for the real 
modified Bessel functions functions can be recast in the 
suggestive form 

/ —K iv ,{Kx)K iv {Kx) = - } 19 

J + x 2p smh( — 7TP) 



where v = cE/ha. Then we eventually get the complete 
and orthonormal set of the spinless and chargeless normal 
modes in the right Rindler wedge 2Br: namely, 

1 



Ui/(t,x,x.±) = — r J a 1 sinh (tw) K iv (kx) 

x exp{ — ia.vt + ik ■ x±} (20) 
x > k= Vk 2 + m 2 v = (v, k) (21) 

which satisfy the invariant orthonormality relations 

{u u , u v >) ^a" 1 5{v-u') (22) 

According to our definitions, the invariant scalar nor- 
mal modes (|2ip have the standard canonical dimensions 
[u_B,k] = [uu] = \/cm = cV -1 / 2 in natural units. It 
follows that the Fulling normal modes expansion of the 
real scalar quantized field on the right Rindler wedge Wr 
reads, in accordance with [2, 6,0] 

<M X ) = / d » [ d 2 k[a„u„(x) + aLu* u (x)} (23) 

where 



[av , alt' ] — a<5(^ — v')8(k— k') 
[a v , a U ' ] = = [a' u , a} v , ] 



(24) 
(25) 



in such a way that the quantized real scalar field in the 
Rindler coordinates has the customary dimensions [</>] = 
cV in natural units, while the operators [av] — cm 3 / 2 . 
On the other side, the quantized real scalar Klein-Gordon 
field in the Minkowski spacetime has the usual normal 
mode expansion 

<j> M (r, X) - J dK [ Sk u k (t, X) + 4 H* K (r, X) ](26) 

where K a = (K ,K,K ± ) and K Q = u K = V K 2 + m 2 
whereas 

fi K (r,X) = [(2^) 3 2^ K r 1/2 exp{-iK a X a } (27) 
{u K ,u K ') = S(K-K') (VK,K'eR 3 ) (28) 

in which the creation and destruction operators satisfy 
the standard algebra 



[ok, flp] = S(K - 
[ok j op ] = 



(29) 



] = o 



that leads to the invariant canonical commutation rela- 
tion 



1 



[<Mt,X),«Mt',X')] = -D(T-r',X-X';m) 



(30) 



J dK { u k (t, X) r K (r', X') - u* K (r, X) u k (t', X') } 
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where m) is the invariant Pauli- Jordan distribution, 
which is real, odd and enjoys the microcausality property 

[<Mr,X), 0Af(r',X')] - [<M*,x), fo(i',x')]=0 

vx^ 1 , x'^ 1 e sajfl, (x-x') 2 <o (31) 

lim ^[0 M ( r ,X), ^M(r',X')] - 

lim ■H-D(T-T J ,X-X';m) = £(X-X') (32) 

r'->T or 

Of course it is apparent that, as far as a quantized scalar 
field is involved, the canonical commutation relations in 
the right Rindler wedge are frame independent, even for 
accelerated noninertial observers since, by definition, 

</> M [T(t,x),X(t,x),y,z] =<p R (x) Vxe2B fl (33) 

Things are different and far more tricky for quantized 
fields with nonvanishing spin. 



We now derive the exact structure of the Bogoliubov 
coefficients for a neutral spinless field, leading to the 
well known Unruh's effect. To this purpose, we have 
to deal with two complete orthonormal sets of solutions 
of the Klein-Gordon equation (fT3|) in the right Rindler 
wedge and in the Rindler curvilinear coordinate system: 
namely, 

u v (x) = —~ J a,- 1 sinh (iris) K zu (kx) (34) 

x exp{ — iavt + ik- xi } 
u K (x) = [(27r) 3 2w K ]~' exp{ i k t x + i K± ■ x±} (35) 



and in a quite similar manner 



u u ) =-5(k + K ± ) 



2 sinh(7T^) 
(27r) 3 auK 



c°° ^x 

— e iKx ^ _ XWK ) K iv {nx) 



(38) 



Now we turn to the calculation of the explicit expressions 
of the Bogoliubov coefficients in terms of a suitable one 
parameter representation. From J| we obtain 

OKi/ = — \ [7rawK sinh(7rj/) ] ~ ^ 2 S(k — Kj_) (39) 



2 k 



K + iK 
2v 



j iK — k 



Pkv = ~h [7raw K smh{-Kv) ] ~ 1/2 5(k + K ± ) (40) 



2k 



k — iK 
2v 



. j 1 iK + k 

z z iK — K 



(k + iif) F 1 + w + 



I- 3. 

2 ' 2 ' 



iff- 



where F(a,b; c; z) denotes the hypergeometric function. 
If we introduce the one angular parameter representation 
according to 

K 

■' K,, "' K ^K^arctg V(xi+m2) 

(-1 <*<i) 
(41) 



iK + K _ 2H> ■ ■ 'ii ■ - 

iK — k 



kt =K cosh(ai) - u K sinh(ai) [x>0,v£l] by making use of the the formulae 



Then a direct substitution into the invariant inner prod- 
uct (Ti"4"|) yields for E = &v 



(uk, uu) = S(K± — k) exp{— iEt} 



' 2 sinh(7w) 



r(-)r(x + |) = |^r(2,) 

(2fc)! = (±) fc fc!2 2fc (2fc + l)!=(|) fc fc!2 
it is straightforward to get 



(42) 



2A- 



(27ra) 3 wk 

f°° dx ( ■ \ 

I — exp{- ik t x} K iE/a (Kx) ( xk t - E\ 
Jo+ x ^ ' 



F (iv, iv 



1 . 1 . _ »±2i0 

O 1 O 1 L 



E 



( 2 ^) 2 fc /• ±i0 \ 2fe 
(2*)! 1 j 



(36) 



where k t = a.K sinh(at) — aw k cosh(ai) . However, since 
the invariant inner product is coordinate time indepen- 
dent by construction, in accordance with the textbook 
notations [j| we can safely write 



2ve ±ie F(l + iv,iv+l;l;-e ±2ie 



(43) 
(44) 



fc = 



(2fe + l) 



(u K , uv) = -5(k- K ± ) 



2 sinh(7rt') 
(2ir) 3 awK 



Thus we are able to obtain exactly the sum of the above 
series in terms of elementary functions. Consider in fact 
the identity 



F(a,&;6;z) = £^ fc = (l-z)- a 



\ / — e lKx (v + xuj k ) K iv {nx) 



k=0 



(37) 



E 

fc=0 



( a )2fc 2k , ( a ) 2fc +! ^2fe+l 



(2fc)! 



E 

fc=0 



(2fc+l)! 



(45) 
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whence we can readily derive 



dimensionless quantities 



E 



k=0 



(a) 2k 
(2k)\ 



,2k 



i{(l-^)- a + (l + z)- Q } (46) 



E 

fc=l 



(a) 



2fc-l ^2*;- 



(2fc-l)! 



1 = i{(l-z)- a -(l + z)- Q } (47) 



As a consequence, for a — 2iv and z — (in =F K)/uk, 
we eventually succeed in extracting the exact Bogoliubov 
coefficients for a spinless neutral massive field, relating an 
inertial and an accelerated observers, viz., 



■tf(k-Kj 



u K 



i/47raw K sinh(7w) 1 WK + i^ + iK \ k + iK 



2 k 



■<J(k-Kj 



>7T!//2 



■\/47racjK sinh(7w) \ w k + K 



iv/2 



(48) 



/Ski/ 



-£(k + Kj 



UK 



^/47rao;K sinh(7w) 1 uk + if — i« V k - iK 



2k 



2 i // 



■£(k + Kj 



■kv/2 



UK - K 



y/Air&ujK sinh(7w) \ w K + if 



S1//2 



(49) 



which arc in full agreement, up to the Dirac 
6— distribution in the tranverse wave vectors, with 
eq.s (2.107) and (2.108) of the review paper [2]. It follows 
that, keeping apart the classical volume factors 



y2smh(7rv) \Uk~K 



- iv/2 



(51) 



as nonnegative average numbers. As a matter of fact we 
set 



,2nv 



N,, 



- 1 



N, 



1 



*2irv 



- 1 



(52) 



and if we definitely understand as it is customary 2ttv = 
(3E, where (3 = (2Trc/h&) so that T = (fei/27rcfcB) is the 
famous Unruh temperature [l], fee being the Boltzmann 
constant, we eventually recover the thermal bath which is 
experienced by the accelerated observer in respect to the 
inertial one or vice versa. Moreover, from the knowledge 
of the Bogoliubov coefficients one can immediately obtain 
the transformation law for the creation and destruction 
operators 



where 



«k = [af ctKv ~ Pkv a l> 
v 

4 = E [ a v "kiv - fei/ a v 

V 

E = a / &v I d2k 

it J — oo J 



(53) 



(54) 



The above derivation, that concerns the spinless neu- 
tral field in the right Rindler wedge, can be trivially ex- 
tended to the left Rindler wedge. Furthermore, our di- 
rect method of evaluation for the Bogoliubov coefficients 
is well tailored to be successfully generalized mutatis mu- 
tandis to fields of higher spin and any charge. Finally, 
concerning the recent debate 0, 0| on the validity of the 
Unruh effect, our first principles derivation of the Bo- 
goliubov coefficients definitely endorses the claim of Q, 
in a manner that is substantially different from Unruh's 
original trick [l[ . 



= (5(k±Ka) ' 



2na.UK 



(50) 



we can understand the square modulus of the complex 
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